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We report a theoretical investigation of decoherence induced by energy relaxation of the auxiliary
level in the A-type three-level SQUID flux qubits. We show that the energy-relaxation-induced decoherence
in this particular case is proportional to the average population of the auxiliary level and thus can be effectively
suppressed by the use of a dark-state approach in which the auxiliary level is unpopulated. We
demonstrate through bit-flip operation that the dark state can be realized by means of the stimulated Raman
adiabatic passagéSTIRAP). An extension of the dark-state scheme to create any superposition state is
straightforward.
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The elementary unit of a quantum computer is a qubitmuch faster and much less susceptible to the strong field
which, in the simplest case, is a two-level quantum systeminduced multiphoton process which is one of the main
A qualified qubit requires quantum coherence of themechanisms of the gate errors of the 2LQ. Due to these
qubit states be maintained during the quantum computatioadvantages, the 3LQ has become a promising candidate in
and communication since these operations are performeiie quantum computation and communication based on
via quantum superposition states and entanglement stat&QUID qubits!©
of the qubit’? In an actual qubit, the coherence can be However, in a real 3LQ, using the auxiliary level with
destroyed by decoherence such as dephasing and eneiiyite population results in additional decoherence associated
relaxation?? In superconducting qubits based on Josephsomvith dephasing and energy relaxation due to damping. For a
junctions, several main sources of dephasing, such aSQUID flux qubit, because the dephasing caused by the ex-
background charge fluctuation, bias flux fluctuation, andernal fluctuations is smafl? the characteristic time of
critical current fluctuation, have been recently discusséd. dephasindr, is about two times of that of energy relaxation
The results indicate that the decoherence due to these mech&-? Thus the energy relaxation is a main source of the de-
nisms is not the limiting factor for superconducting flux coherence for the SQUID flux qubits. If no population re-
qubits*® Energy relaxation which results in the spontaneoussides on the auxiliary level at any time during the state ma-
decay of the qubit states is due to and proportional to finitenipulation (a dark auxiliary state the population transfer
damping in the qubit. For a qubit with two long-lifetime will not be affected by spontaneous decay from the auxiliary
computational levels, such as the lowest level in each of théevel 1314
double-well potentials of a superconducting quantum inter- For a A-type three-level system without dissipation,
ference devic¢SQUID), decoherence induced by energy re-the dark statdD)=cos6(t)|0)-sin6(t)|1) is an eigenstate
laxation does not pose a serious problem as long as the junof the system, here tafiit)=Qq(t)/Q4(t) is the ratio of
tion's effective resistance is reasonably high. For instancethe two Rabi frequencies for thie=0, 1) < |a) transition>-18
for a rf SQUID qubit with a moderate damping resistanceAdiabatic population transfer betweé@) and |1) can be
R=10 MQ the energy relaxation timeél, could exceed realized by using two partially overlapping counterintuitive
10 ms. pulses. This scheme of population transfer, which is

For a physical qubit with more than two levels, suchknown as stimulated Raman adiabatic passeégEIRAP),
as the SQUID flux qubit, coherent state manipulationhas been studied extensively both theoreti¢&f§1o
may also suffer from other sources of decoherence, sucAnd experimentalf?! since it was first observed.
as the coupling of the qubit's two-computational states toFor a dissipativeA-type three-level system, nonadiabatic
its noncomputational staté$.For this kind of qubit, even population transfer has been recently studied analytically
in the absence of energy relaxation and dephasing, the quidiir special pulse shapéd!* The population transfer
could have significant intrinsic errors elicited by leakagedepends strongly on the decay rate of the auxiliary level
to the noncomputational states and strong field effecand thus the loss of population is large when the auxiliary
when the qubit states are manipulated by resonant micrdevel is significantly populated during the population
wave pulse$. To circumvent these shortcomings of the transfer.
two-level qubits(2LQ) in a multi-level system, we proposed However, there are significant differences between the
the A-type three-level SQUID flux qubit$3LQ).° In the  SQUID flux qubit and an ideak-type three-level systen(i)
3LQ, an auxiliary levella) is utilized to create a stronger The SQUID flux qubit has many additional levels which are
effective coupling between the computational ley@lsand  not well separatedin energy from the three levels utilized
|1) of the qubit. In comparison with the 2LQ, the 3LQ is for coherent population transfe(ii) the coupling between
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the computational levels and noncomputational levels is rela-
tively strong, particularly the coupling between the auxiliary
level and the noncomputational leve(si) the excited states

of the flux qubit have relatively shorter lifetimes. Therefore,

it is rather difficult to quantitatively evaluate the perfor-
mance of the flux qubit in terms of the analytical results
obtained from the ideal-type three-level system and thus
numerical studies are necessary. In this paper, we investigate
quantitatively, through an accurate numerical calculation of
the population evolution of the multi-level SQUID flux qubit

Population

with realistic device parameters including finite damping, the ~ 2295005820
effect of energy relaxation on the decoherence in 3LQ as a 0.0 —— ~ r T <oy
function of population on the levdh) and the method to 0 1000 2000 3000 4000 5000

reduce the population of the auxiliary level during the bit-flip K

operation. In particular, our study does not make the rotating FIG. 1. The evolution of populations on the computational and
wave and three-level approximations. We show that decoheguxiliary levels of the 3LQ using two overlapping rectangular mi-
ence is proportional to the average population of the auxilcrowaves. The solid lines are the populationsyige 0 and the open
iary level and therefore can be effectively suppressed witkircles are the populations foy,=1.86x 107, The pulse ampli-
the use of a dark-state approdéht®>?3We demonstrate that tudes aref,=2x 107* andA;=1.48x 107

a dark auxiliary state in the 3LQ can also be achieved by
means of STIRAP.

A SQUID consists of a superconducting loop of induc- Hp,,(7) =epdpy + M{xnn, + (EXM(T) —xe) 5,m,]
tancel interrupted by a Josephson tunnel junction, which is h 2
characterized by its critical currefy, shunt capacitanceg, (4)
and shunt resistand® The Hamiltonian of a dissipationless _ . .
(R—o0) SQUID is Here, 7= w ct is reduced time,e,=E,/fiw ¢ is reduced

eigenenergy, ang,, =(n|x|n’) is the dipole matrix element.
The total magnetic flux coupled to the qubit from the micro-
Ho(X) = pi/2m+ U(x), (1)  Wwave fieldx,(7) (normalized to®o) is a superposition of the
flux from two microwave pulsesx,(7)=2i-q 1X,i(7) with
X,i=A fi(1)sinwi7, and w;, A, and O<fi(7)<1 are the an-
where,x=®/®,, p,=—ird/dx, P is the total magnetic flux gular frequencynormalized tow, ), amplitude, and dimen-
enclosed in the SQUID loophy=h/2e is the flux quantum, sionless pulse shape function of tilk pulse which is finite
and m:C¢>§. The potential energy is for 0= 7= and is zero otherwise. For resonant pulses, one
has wj=e,—¢; for i=0,1. Thecoefficient vector and there-
fore the populatiorP,=|c,(7)|? can be computed accurately
by solving Eq. (3) with the second-order split-operator
techniquet25
The effect of damping on the population transfer can be
considered by including spontaneous decay into the motion
The geometric shape of the potential is determined comequation(3). For a multi-level SQUID system considered
pletely by the dimensionless parametgis=2nLI./®,and here, the spontaneous decay from a lgmglcan be repre-
Xe= D/ Dy, Wwhere®d, is the flux applied to the SQUID. If sented phenomenologically by a damping operator, whose
fiw ¢ is used as the unit of energy, wheigc=1/\LC is  eigenvalud,, in the field-free eigenstate is energy relaxation
characteristic frequency of the qubit, the eigenstates of theate of that levef® If the time-dependent wave function is
SQUI’MIy depend on two independent parametgrsand  also expanded in the field-free eigenstates, we obtain an
Zy=1L/C (the characteristic impedanceA SQUID with  equation similar to Eq(3) with the HamiltonianH given
BL=1.20,Zp=50Q, w c=5x10"rad/s, andx,=0.499, is  py12.27
used throughout this work.
To study population evolution, we expand a time- 'ﬁnn,(T) =H (D) = i Y82, (5)
dependent wave function in eigenfunctions of the field-free
Hamiltonian Hy(x). The expansion coefficient vectdG(r)  wherey,=TI"/fhw ¢ is reduced energy relaxation rate from
={ca(n} (n=1,2, ... N, with N the number of eigenstates in the |evel|n). Replacing the Hamiltoniahi in Eq. (3) by H,
the expansiop is governed by the time-dependentwe obtain an additional term yic,/2 for the leveln). Due
Schrodinger equation, to this term, the populatio®,(7)=P,(0)exp(-y,7) decays
exponentially at a rate of;,.122® This term resulted from the
energy relaxation of the levéh) and thus is the reflection of
iEC(T) =H(9C(7), 3) Qnergy—relaxation—induced dec_ohefence. Because it is propor-
T tional to c,, the energy-relaxation-induced decoherence can

1 1
U(x) = Emwfc(x AR mmwfcﬁl_ cos2mx.  (2)
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ping microwave pulses. For the sine pulsg=8x 10™* and for the
cosine pulsed;=5.9x 1074 The effective pulse areQqxn=12.5. l

In the inset, the pulses used are plotted. _
FIG. 3. Theo versus thd and theP, versusl fori 3LQ qubit

be eliminated by keeping the Ievbrl) unpopulated, i.e., a with y,=1.24X 107%. In the inseto is plotted versusd,.
dark state.

For_an id_ealA-type_ three-level system without damping, i ee_jevel syster® The populationsP, P;, and P,
the adiabatic population trqnsﬂzr between the lej@isand change periodically with time, and at times 2| VEW/QR
|1) through the levela) requires (1=0,1,2,..., iscalled the pulse area index hereajter

Doy > 1 6) P, reaches unity, while at timesr=(21+1)v27/Qg

eftfl = = (1=0,1,2,..), P; reaches unity. Compared with the case

where,Qq4=102+02/2 is effective Rabi flopping frequency of the two sequentially nonoverlapping pulSesthe
and O;=Q;, fi(7) is the Rabi frequency of théi)«—|a) ~ minimum time needed for the bit-flip operatior
transition with the maximum valugj,=mao c|x./A/h  =\V2m/Qg is about 30% shorter, and, more importantly,
(all ’s are normalized tow ). The condition, Eq.(6),  the maximum populatiofy' (=0.5 and average population
shows that a complete transfer could occur if the effectivq:a[zq-l—lfgpa(q-)dﬂ of the auxiliary level are much
pulse areallesn is much larger than unity and that the gmajler.

details of each pulse are not important. For a given pulse To investigate the effect of energy-relaxation-induced
duration 7, Eq(6) can be satisfied by increasing the decoherence, we perform a similar calculation for the
pulse amplitudes. However, in order to keep the intrinsic3_.Q above with finite damping by solving Eq3) with

errors due to multi-photon processes negligibly Sma"'the HamiltonianH given by Eq.(5). The same rectangular

\Iéveal:hmlcrovl\iavg pU|Se$"e"thQi°3{f’i<1) mgjst be used.t ulses are used and the reduced energy relaxation rate
or the weak microwaves, the 3LQ may be approximate s taken to be y,=1.86x1073 which corresponds to

by the A-type three-level systeth.Thus the condition . : . 29.30
. S ' an effective damping resistané&=65 k() (R/Ry=10).>

EcgréG),a;tshga(pﬁgedggu%e k?g ptlilriaébloleetce)zr:ggnfl_i(r?. Zl;ré?aelr The evolution of populations, Py, and P, are plotted

! G P 9 in Fig. 1 with the open circles. At the end of the
keeping Q¢ time-independent would lead to the shortest S

. . . pulses, P,=0.3 and P,;=0.25, which illustrate that the
pulse duration that satisfies E®). Without the loss of gen- o .
energy-relaxation-induced decoherence is large when the

irrg\ll'\g’véeiﬁggsﬂwzﬂ% one has from Eq®) for the mi- population on the auxiliary level is non-zero for qubits with
k damping.
- 2 20 = Next, by using more sophisticated pulses that satisfy Eq.
PolXoal = Adxaal, ol + fi(m) = const. 0 (7), we show that the population on the auxiliary level can be
We first examine the simplest case of two completelysuppressed in a systematic way. Let us consider two overlap-
overlapping rectangular pulses that satisfy EQ. In this  ping counterintuitive sine and cosine puls&$ described by
case, the pulse shape function$y(7)=fi(n)=1, and fy(r)=sin(w7/27) and f,(r)=cogw7/27). These pulses,
the amplitudes are set to b&;=2x10* and A;=1.48  which are plotted in the inset of Fig. 2, lead to a time-
X 1074, respectively, so thaflg=0;<w, and wy. The  independenfl.s. The parameters of the pulses used are the
lowest 20 levels are taken into account in the calculationamplitudes of the pulse8,=8x 104, A;=5.9x10% and
In Fig. 1, we show, by the solid lines, the evolution of the duration7;=7120 which corresponds to the pulse area
populationsP,, P, andP, obtained by numerically solving Q.47=12.5 and the pulse area index2 [see Eq(8)]. Sup-
Eq. (3) for the 3LQ without damping. For the weak pose that the initial state of the qubit|B), the evolution of
fields considered here, our numerical results are in verpopulationsP,, P;, and P, calculated from Eq(3) for the
good agreement with the analytical predictions of Ahéype  3LQ without damping is shown in Fig. 2 by the solid lines.
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as P, is reduced. Hence, keeping the leVal dark would
essentially eliminate the energy-relaxation-induced error. To
exclude other possible effects and quantify the causal rela-
tionship betweerr and y,, the normalized population on the
level |1) at the end of the pulsep](y,) =P (y.)/P](0), is
plotted as a function ofy, in Fig. 4. The pulse shapes and
microwave amplitudes used here are same as those in Fig. 2;
the duration is 4 times as long as that in Fig. 2, which cor-
responds tdy7=50 andl=8. The decay op] with vy, is
described very well by an exponential functiqu]'(y,)
=exd—ya/ v:(1)].2* Here, y.(I) is called thecritical energy
0.6 " ” T, 13 — relaxation rate—a pulse-duration-dependent characteristic
10 10 10 Y 10 10 decay rate, which is theaximundecay rate allowed to keep
a the normalized bit-flip errorr less than 1€ when the
FIG. 4. Thep] versus they,. The pulses are the same as thosepuIse duration is}. Note that the value of, dependion the
in Fig. 2 but the effective pulse ar€d.47=50. The solid circles qubit parameters while the value gf depends orP, and
and line are the numerical results and exponential fitting. In thehus the details of the qubit state manipulation. In general,
inset, y. is plotted versus. smallery, and largery, lead to a lower error rate. In particu-
lar, for y,<< vy, one hasr= vy,/ v.. Therefore,y, is one of the
most important characteristic parameters of the 3LQ when
These results agree qualitatively with the theoretical predicfinite damping is taken into account. The inset of Fig. 4
tions for the A-type three-level systeni§, for which P, ~ Shows that larger leads to largery.. Thus longer pulses are

0.04
0.03 -~
Y208 = oo e

0.011 /

0.00-+
0.7 2 4 6l8 10 12

reaches the maximum when more effective to the reduction of the bit-flip error arising
from spontaneous decay.
Qe =2mI1°P-1/16>1 (1=1,2, ...). (8) To demonstrate the advantages of the dark-state approach,

let us estimate the bit-flip error of a flux qubit with a realistic
The only substantial difference is that the maximum populadamping parameteR=65 M() (R/RQ:104). The energy re-
tion on the levella) obtained numerically for the 3LQ is |axation rate for such a flux qubit ig,=1.86x 10°® (corre-
greater than the value expected for thetype three-level sponding toT; =1 us) at temperaturd <#w,;/kg.2%3° For
systemP'=1/412~1/16% Note that in comparison with the the three-level bit-flip operation described in Ref. 9 with

case of rectangu_lar pulséy, is much smaller in this case. P,~1, one hasy,~ y,. In contrast, for the dark-state ap-
Since the probability of spontaneous decay from the IgJel  proach the critical energy relaxation rate increases dramati-
is proportional toP,7 which varies approximately as 4/  cally t0 y.=1.9x102=10%y, for the|=6 pulse sequence,
the error caused by energy relaxation can be made smaller isiemonstrating the effectiveness of the dark-state approach in
using longer pulses. However, as the pulse duration becoméeducing the bit-flip error caused by energy relaxation of the
longer, other error mechanisms may set in, which imposegxcited state. _ _ _
additional constraints on the selection of the optimal pulse In summary, by numerical calculation of the population
duration. evolution, the effect of the finite damping on the bit-flip op-
To study the influence oP, on the population transfer eration of the 3LQ is investigated quantitatively. The numeri-
between|0) and|1) in the 3LQ with damping, we calculate cal study uses realistic device parameters and takes into ac-
the evolution of population®,, P,, and P, for the SQUID  count the multi-level nature of the flux qubits. It is shown
with the same damping,=1.86x 1072 as that used for the that for SQUID flux qubits using &-type three-level as the
rectangular pulses. The results are displayed by the opdpasic method of coherent state control and manipulation, the
circles in Fig. 2. Compared to the populations in Fig. 1, thebit-flip error originated from energy relaxation of the excited
average population of the levid) is much smaller. At the state can be effectively reduced with the use of the dark-state
end of the pulsesP,=0 and P;=0.7, illustrating that the approa<_:h in c_onjunction with the adiabatic transfgr of
effect of the energy relaxation can be reduced effectively bypopulations. It is also found that when energy relaxation of
decreasing? the excited state is considered, the fidelity of an operation
-

The energy-relaxation-induced decoherence, which makean Pe characterized by the critical energy relaxation yate
the population of the levelL) at the end of the pulse®J, Quantitatively, for weak dampingy,/y.<<1, the probability

less than unity, can be characterized by the probability oPf Pit-flip error from the energy relaxation mechanism is
bit-flip error, o=1-PJ. Obviously, s depends on both the 91VEN bY o= ya/y. Since the experimentally measured in-

. — . trinsic damping resistance of Josephson tunnel junctions is
effective pulse are?eﬁr, (henceP,) andy,. For aflux qubit  goqier than 100 at T=0.5 K, the bit-flip error of a flux
with y,=1.24X 10 (corresponding taR=1 M and the o hit with such junctions operated by pulses of duration
characteristic timel,; =16 ns), o versusl and P, versusl Ti=s=642(27/Qg) will have 0<1.0x 1074, a figure that is
are shown in Fig. 3, and versusP, is plotted in the inset. very attractive for fault-tolerant quantum information pro-
From Fig. 3 and the inset, it is clear thatdecreases rapidly cessing.
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Finally, we should mention that although our investigationrectly applied to the gate operation since it works only if the

PHYSICAL REVIEW B 70, 094513(2004)

is focused on the energy-relaxation-induced decoherence anmditial state is known.
the effect of dephasing may be different from that of energy

relaxation, the decoherence associated with both dephasing
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