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A practical non-penurbative approach is presented for the treatment 01 multiphoton non-linear optical prcxerses in intense 
monochromatic or polychromatic field. By extending the many-mode Floque~ theory recently developed by the authors. the 
time-dependent Liouville equation for the density matrix of atoms or molecules undergoing radiative and/or collisional 
relaxations can be wwsronned into an equivalent rime-independenr Floquet-Liouville super-matrix eigenvalue problem. The 
method is illustrated by a study of the mulfiphoron resonance fluorescence spectra of two-level systems. 

The study of non-linear optical processes such as multiphoton dissociation of molecules, resonance fluorescence, 
Raman scattering, and wave mixings, etc. is a subject of much current interest [1,2] both theoretically and experi- 
ment&y. At lower fields, perturbative and diagrammatic methods [2] are often used for non-resonant phenomena, 
whereas the rotating wave approximation (RWA) is most commonly adopted for near resonant processes [2,3]. 
The semiclassical Floquet approaches based on the SchrXnger equation, while providing non-perturbative means 
for the studies of multiphoton ionization, excitation, and dissociation_ processes at high fields [4], cannot be ap- 
plied to processes undergoing relaxations due to radiative decays and collision dampings, etc. In this Letter we ad- 
vance a general non-perturbative semiclassical treabnent of the Liouville equation (allowing for relaxation mecha- 
nisms) for the density matrix operator of atomic or molecular systems exposed to intense monochromatic or poly- 
chromatic fields. By extending the many-mode Floquet theory (MMFT) recently developed [S], the time-depen- 
dent Liouville equation cart be transformed into an equivalent time-independent Floquet-fiouville super-matrix 
(FI%4) eigenproblem. In addition to being numerically stable and computationally efficient, the FLSM method is 
capable of treating non-resonant and resonant, one-photon and multiphoton, steady-state and -Gent phenom- 
ena on an equal footing. 

The Iiouville equation for the lime evolution of a set ofN-level quantum systems, interacting with several co- 
herent linearly polarized monochromatic fields, undergoing relaxation by Markovian processes is (X= 1) 

ia@ = [k(r), xr)] + i[ti j(r)]. (1) 
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Here j is the density matrix of the system, reduced by an averaging over all irrelevant degrees of freedom acting as 
a thermal bath, and’??(t) = I?,-, + p(r). I?,-, is the unperturbed atomic Hamiltonian with eigenvalues {E,) and eigen- 
vectors {la)], (Y = 0,l 2 , , . , . ,N - 1, and V(t) is the interaction Hamiltonian between the system and the M-mode 
classical fields given by 

M 

P(r) = - rg p’ Ei cos(C+ + $), 

where )ris the atomic dipole moment, ai the field amplitude, wi the frequency and & the phase of the ith field. 
The relaxation term [i j(t)] consists of Tr (population damping) and T2 (coherent damping) mechanisms which 
are due to the coupling of the atomic system to the thermal bath by radiative decays and collisions, etc. More ex- 
plicitly [3] 

(k PI@ = -r_#$Q (a f PI (T2). (3) 

where the phenomenological damping parameter r, describes the population decay, rd the phF_ relaxation and 
ysp the feeding. In the following we shah confine our discussion to closed systems, namely, Tr[(R p)] = 0. Exten- 
sion to open systems is straightforward_ 

In the tetradic or fiouville space [6] spanned by la) C/3 I, where a,/3 = O,l,. . . .N’- 1, eq. (1) can be rewritten as 
i+(r) =1(f) Ii(t) + if, or in matrix form, 

(4) 

where L(t) is the superoperator or Liouvillian which is non-sing&u, whose matrix elements are, assuming 10) is 
the ground level, 

2,.$) =fiw(f) 6Bv -fi&) 6w - i(rP6W6P - yM6d5pv) I (a+O.B+Oo). (‘3 

andfis the source term, fW = ~,-,6,&~ withy,-, = Zsrso _ The homogeneous solution of eq. (4) can be solved 
most expediently by invoking the many-mode F%quet theory [5] (hlMFT), analogous to solving the Scbrbdinger 
equation with Hamiltonian having the same time dependence as that in eq. (1). The MMFT renders the timede- 
pendent problem into an equivalent time-independent infinite-dimensional super-eigenvalue equation, namely, 

(7) 

where &Z is the time-independent many-mode Floquet--LiouviUe superoperator defined in terms of the general- 
ized tetradic-Floquet basis I@; {m)>= 1~) (8lel {m)), wi_ti im] =ml.m2,___mM- 

The structure of the Floquet-Liouville super-matrix L, is illustrated in fig. 1 for the two-level two-mode case. 

The super-eigenvahres and eigenvectors of & possess the following important properties: (i) Irn(QW,{,]) < 0, 
(ii) S&;{,,+k] = AXP.{n) + Zz1 kiwi, and (iii) <@8; {m + k]lR,;{,+k))= <o#; ~m]lsLW;~n])_ Further, it can be 
shown that in the l&it of y, = I?@ = 0 (i.e_ no relax+ions), the super-eigenvalues CZ and eigenvectors ISZ) of& 
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WHERE -_ 
-_ 

Fig. 1. Sinnzhue of the Floquet-Liouville super-matrix ZF 
for the case of two-level systems (with level spacing wba) in 
linearly polarized bicluomatic fields: WI and w2 are the two 
radiation frequendes, YJg (i = 1,2) the electxic dipole cou- 
PlinB. and Y&. ma. and Qa = (Y&, + ~3,=)/2 an rh.Xation 
parameters. 

are related t0 the qUti-energy eigenVdUeS A and eigenvectors Ix) offiF, where fiF is the Floquet Hamiltonian for 

the non-damping case [5], by the following relations: 

M 

(9) 

Thus the super-eigenvalues G have the physical interpretation as the “difference spectrum” of the quasi-energies. 
In terms of the eigenvalues and eigenvectors of the superoperator iF, the reduced density matrix p(t) can be 

expressed as i(t) = o(t;t,-~) fi(to), where ois the super-evolution-operator given by, in matrix form, 

Furthermore, .&e Im C2 < 0 for all CI, the reduced density matrix has a simple form at large times t + -3 

(11) 
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which is oscilibtory rather than completely stationmy as would be the case in the RWA limit. .- 
To elucidate the usefulness of the current approach, we consider the first study of the mdtiphoto~ resonance 

fluorescence spectrum of au ensemble of two-level systems (a,b) of opposite parity driven by polychromatic fields 
in a thermal bath undergoing purely radiative relaxation. The relevant quantity is. the auto-correlation function 
[7], of the transition dipole operators 2 = ]b)(al and 2 = la)(b I, namely,g(t; t? g-(c?(f? a(i)>, t > t’, in normal 
order. The two-time averageg(t;i> can be evaluated by the useof the quantum regressirz? theorem [S] and ex- 
pressed as 

g(t; Cl = G&;aa(t;tr) i&(r3 -i- Q_+Jf;T’) &Jr?. (12) 

where U is given in eq. (10). The important feature here is the non-stationary nature of the correlation function 
g(t; t? at large tunes t’, i.e.g(t; t) depends upon both the correlation time T = t - t’ and the starting time r’. (Note 
that in the RWA lknit,g(f;t> +g(T), independent oft’.) A full exploration of the time-dependent physical spec- 
trum based on the extension of the time-dependent notion of the fluorescence spectrum [9] will be discussed 
elsewhere [lo]. Here we only present the results for the time-averaged power spectrum defined by. 

(13) 

where 

E(T) = (l/T,) ,” dt’g(t; r? (t’-t=) (14) 
0 

is the time-averaged correlation function, assuming the resolutiou time of the detector T, is much larger than the 
characteristic time of the laser fields (i.e. T, 3 max {2n/wj}). The power spectrum T(w) consists of the coherent 
part, rcoh(o), and the incoherent part,fti,. Only the incoherent (fluorescence) spectrum is given here: 

where 

Eq- (15) shows that the incoherent scattered light con.Ikrs an infinite number of frequency components at the 
positions defined by the denominator [$,,; {k) - 01 , where z {k)= Ziki must be odd integers if /.r =.u and even 
integers ifs f ZJ. Sknilarly the coherently scattered light f m,.,(w) comprises not only the elastic components 
(Rayleigh scattering), but various harmonic components at w = Zjm,wi, where Zjrnj must be odd integers, with 
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Fig. 2. Fluorescence spectra?(w) near (a) w = wL, and @) 
w 9 3wL. for a system of two-level atoms driven by a mono- 
chromatic field WL tuned at the shifted three-photon reso- 
nance. Parameters given in text. The inset in each figure shows 
the schematic -de diagram (not to scale) characterizing in- 
dividual fluorescence spectra. and each doublet therein repre- 
sents the nearly degenerate quasi-energy Iweb [(hb,k. ha, X-+,) 
k=0,*1,*2,...] withthesplittingequatto tr&;-,l. 

each component infinitesimal narrow in width. It can be shown [lo] that our new generalized results, eq. (15) 
reduce exactly to the familiar Mallow spectrum [I l] in the weak field (one-mode) RWA limit. 

As an illustration of new features predicted by eq. (15), we consider an ensemble of two-level atoms driven by 
a strong linearly polarized monochromatic field of frequency wL _ ‘Ihe two levels are separated by wba = Eb - E, 
= 100.0 (arbitrary units) and the spontaneous decay rate from the upper level b to the ground level a is yb, = 1 .O. 
TheRabifrequencycharacteriaingtheinteraction strength of the atom with the field is Vab = $l(alp- Elb>l = 25.0. 
Figs. 2a and 2b show the induced multiphoton resonance fluorescence power spectrum [T&w)] near w = WL 
and 3wL, with the laser field tuned at the (ac Stark-shifted) three-photon resonance frequency wL = 41.295. 
Owing to the strong mixing of the set of unperturbed nearly degenerate three-photon resonant tetradic-Floquet 
states, namely, {laa,O), lbb,O), lab,3), lba,-3)), the fluorescence light is most intense at w = 30, (fig. 2b), 
though the fundamental light (0 = wL) is comparable in intensity (fig. 2a). Higher-order fluorescence lights, w = 

5WL. 7WL. etc., diminish in intensity rapidly (not shown). AU fluorescence spectra shown here exhibit asymme- 
tric three-peak structure rather than the symmetric triplet pattern in the one-photon resonant case [1 11 (wb =Z 
wL). The asymmetric pattern about the central component of the three peaks at w z oL and 3w, can be attri- 
buted to the significant field mixings of the three-photon resonant tetradic-Floquet states shown above with other 
non-resonant bases such as lab; 1) and lba;-1 1. As a general rule, when the laser field is intense enough to induce 
multiphoton resonances (say wba a.(Zn + 1)~~). the dominant fluorescence component always occurs at w Z= 
(2n + 1)~~. Components in the lower-frequency side of the predominant one can have comparable intensities and 
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often exhibit large asymmetry in the three-peak structures, while components in the higher-frequency. side.usually 
decrease rapidly in intensity as the harmonic order increas&. 

In summary, we have shown that the many-mode Floquet theory [5] -can be extended to treat the time-depzn- 
dent fiouville equation, and that the resulting generalization provides a powerful time-independent non-petirba- 
tive technique for the treafment of intense field multiphoton processes (undergoing relaxations) in polycluoinatic 
fields, much beyond the conventional RWA limit. Extension of the method to the study of Raman scattering, col- 
lisional redistribution of radiation, and renormalized non-linear susceptibility, etc.. is in progress. 

This work was supported in part by the Department of Energy, Division of Chemical Sciences, and the Ameri- 
can Chemical Society-Petroleum Research Fund. SIC acknowledges the receipt of a J1L.A Visiting Fellowship and 
instructive discussions with J. Cooper on resonance fluorescence specka. 
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