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A practical non-perturbaltive approach is presented for the treatment of mulliphoton non-linear optical processes in intense
monochromatic or polychromatic field. By extending the many-mode Floquel theory recently developed by the authors, the
time-dependent Liouville equation for the density matrix of atoms or molecules undergoing radiative and/or collisional
relaxations can be transformed into an equivalent rime-independent Floquet~Liouville super-matrix eigenvalue problem. The
method is illustrated by a study of the multiphoron resonance fluorescence spectra of (wo-level systems.

The study of non-linear optical processes such as rultiphoton dissociation of molecules, resonance fluorescence,
Raman scattering, and wave mixings, etc. is a subject of much current interest [1,2] both theoretically and experi-
mentally. At lower fields, perturbative and diagrammatic methods [2] are often used for non-resonant phenomena,
whereas the rotating wave approximation (RWA) is most commonly adopted for near resonant processes [2,3].
The semiclassical Floquet approaches based on the Schrodinger equation, while providing non-perturbative means
for the studies of multiphoton ionization, excitation, and dissociation processes at high fields [4], cannot be ap-
plied to processes undergoing relaxations due to radiative decays and collision dampings, etc. In this Letter we ad-
vance a general non-perturbative semiclassical treatment of the Liouville equation (allowing for relaxation mecha-
nisms) for the density matrix operator of atomic or molecular systems exposed to intense monochromatic or poly-
chromatic fields. By extending the many-mode Floquet theory (MMFT) recently developed [5], the time-depen-
dent Liouville equation can be transformed into an equivalent time-independent Floquet—Liouville super-matrix
(FLSM) eigenproblem. In addition to being numerically stable and computationally efficient, the FLSM method is
capable of treating non-resonant and resonant, one-photon and multiphoton, steady-state and transient phenom-
ena on an equal footing.

The Liouville equation for the time evolution of a set of N-level quantum systems, interacting with several co-
herent linearly polarized monochromatic fields, undergoing relaxation by Markovian processes is (= 1)

i8,5(6)= [A@), 5] +ilR 5. m
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Here p is the density matrix of the system, reduced by an averaging over all irrelevant degrees of freedom acting as
athenmal bath,and H(r) = Ho + V(). Ho is the unperturbed atomic Hamiltonian with eigenvalues {£_} and eigen-
vectors {|a)}, @=0,1,2,...,N — 1, and V() is the interaction Hamiltonian between the system and the M-mode
classical fields given by

M
(@) =— Z% peg; cos(wt + ),
'=

where pis the atomic dipole moment, €; the field amplitude, w; the frequency and p; the phase of the ith field.
The relaxation term [R 5(¢)] consists of T, (population dampmg) and T, (coherent damping) mechanisms which
are due to the coupling of the atomic system to the thermal bath by radiative decays and collisions, etc. More ex-
plicitly [3]

Rp)y=—T_p* Zﬁ) TP (T1) @

R D)y =—Toghps (@*B) (T,), ‘ €)

where the phenomenological damping parameter I',,, describes the population decay, I .4 the phase relaxation and
7Ygo the feeding. In the following we shall confine our discussion to closed systems, namely, Tr [(R §)] = 0. Exten-
sion to open systems is straightforward. .

In the tetradic or Liouville space [6] spanned by |a} (8|, where a,§=0,1,...,/NV — 1, eq. (1) can be rewritten as
i9,p(5) = L(D) p(?) + if, or in matrix form,

iarpaﬂ(t) - %) I:aﬂ, uv(t) puv(t) + ifaﬂ’ @)

where L(?) is the superoperator or-Liouvillian which is non-singular, whose matrix elements are, assuming |0) is
the ground level,

L. @ =Ho, (050, —H,0(0) 8, —iTg +795,,08,0 — i (‘%“, a-— 65“)730) 5,0 —8,), )

iaﬁ;w(t)=ﬁqu(t)8,,,, —H, (D5 w.-—i(l" Boudp — Vyugbogdy) (@F0,8%0), )

and f is the source term, f,, = g8 ,06,0 Withyg = Z47p0- The homogeneous solution of eq. (4) can be solved
most expediently by invoking the many-mode Floquet theory [5] (MMFT), analogous to solving the Schradinger
equation with Hamiltonian having the same time dependence as that in eq. (1). The MMFT renders the time-de-
pendent problem into an equivalent time-independent infinite-dimensional super-eigenvalue equation, namely,

§ {%(Oﬁ; {m} ILglor; P or; BHR,. 11 = Ly, (110 T7HL,,. - )

where I:F is the time-independent many-mode Floquet—Liouville superoperator defined in terms of the general-
ized tetradic-Floquet basis laf; {mD = |a) (B1®| {mD, with {m} =m;,m,,...my,..

The structure of the Floquet—Liouville super-matrix LF is illustrated in fig. 1 for the two-level two-mode case.
The super-eigenvalues and elgenvectors of LF possess the following important properties: (i) Im(2,,, {;, ].) <o,
@) ; {4k} = P fn} + =M, k;w;, and (iii) (af; {m + EHR s, {n+x ) = (of; {m} w; {n})- Further, it can be
shown that in the limit of v, = Ieg=0 (e.no relaxahons) the super-eigenvalues Q and eigenvectors |$2) of LF
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are related to the quasi-energy eigenvalues A and eigenvectors I\ of Hy, where Hy is the Floquet Hamiltonian for
the non-damping case [5], by the fo].lowi.ng relations:

g} Mo, 0} ".{o}*z"'w ®

(v; {k}lﬂaﬁ;{o})= E_(y, {n}l)\a, {0}) Qy, {0}'”’ {n—kP. 9)

Thus the super-eigenvalues {? have the physical interpretation as the “d.lfference spectrum” of the quasi-energies.
In terms of the eigenvalues and eigenvectors of the superoperator LF, the reduced density matrix p(#) can be
expressed as p(f) = U(t; tg) p(2g), where U is the super-evolution-operator given by, in matrix form,

Oogaliito) = 2 (o8 Embexpl—iL (e - )] o (0D

m

Y18, 2 27 (@B IR, 5P @ 111005 (0D {1 —exp[—Q,,. ;3¢ — 1)1 }Hi%2,,. {,,})

o7 {3}
M
X exp (i Z} mjw]—t) ; 10
Furthermore since Im £ < O for all 2, the reduced density matrix has a simple form at large times 7 = ==,
p_,,ﬂ(t) P 70 E § E (aB; {m}m kP o {k}mo {0})/190_, {k})exp( Z} m;w t) an
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which is asczllatary rather than completely sfationary as would be the case in the RWA limit.

To elucidate the usefulness of the current approach we consider the first study of the m.ulnphotan resonance
nuorescence SPEC]II.I]TI OI an EHSBITIDIE OI two- level systems [3, D} OI Oppf)Slte I_Jd.l'.lly uﬁ‘VEﬁ Dy PDlyCﬂIOmBHC Ilel(]b
in a thermal bath undergoing purely radiative relaxation. The relevant quantity-is the auto-correlation function -
[71, of the transition dipole operators d* = [b){a| and d = |a)<b|, namely, g(t;t") = (d* () d(£)), t >1', in normal
order. The two-time average g(¢;7") can be evaluated by the use of the quantum regressxr-n theorem [8] and ex-

pressed as
8= U (66) 5, 0D 1 O (651 By (1), ' R (12)

where U is given in eq. (10). The important feature here is the non-stationary nature of the correlation function
g(z;¢") at large times ', i.e.g(¢;¢") depends upon both the correlation time 7= # — ¢’ and the starting time ¢'. (Note
that in the RWA limit, g(z;¢") - g(7), independent of #’.) A full exploration of the time-dependent physical spec-
trum based on the extension of the time-dependent notion of the fluorescence spectrum [9] will be discussed
elsewhere [10]. Here we only present the results for the time-averaged power spectrum defined by

I(w)= Re( J 7 z@) dr) =T+ (13)
0
where
T, 7
ED=QIT) [ a'e(;r) (=) (14)
0

is the time-averaged correlation function, assuming the resolution time of the detector T is much larger than the
characteristic time of the laser fields (i.e_. T, > max {2n/w;}}. The power spectrum J(w) consists of the coherent
part, I ;,(w), and the incoherent part, f;,.. Only the incoherent (fluorescence) spectrum is given here:

I, (w)=—7,, Re ({Z}} 4B+ CD)) , @as)
where

A= %3 % (ba; {018, i (2o, lbas #mD (@, g3 — )7,

B= Z) 7 (ob; i}, P2, 31235 0D/, G}

c= Z) E (ba; {0HR,,, (L, 31823 TP 11+ i1g (R )™ @y e — ™

D= E E ab; D, e PR, plans 0D/, g3

Eq. (15) shows that the incoherent scattered light contains an infinite number of frequency components at the
positions defined by the denominator [Sl‘u, &} — w] -1, where Z (x}= Zjk; must be odd integers if u =v and even
integers if i 7 v. Similarly the coherently scattered light mh("") comprises not only the elastic components
(Rayleigh scattering), but various harmonic components at w = Eimjw , Where Ejm, must be odd integers, with
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Fig. 2. Fluorescence spectra J(w) near (@) w =~ wp, and (b)
w = 3wj , for a system of two-level atoms driven by 2 mono-
0.1 . chromatic field «wy tuned at the shifted three-photon reso-
nance. Parameters given in text. The inset in each figure shows
the schematic cascade diagram (not to scale) characterizing in-
0 . . dividual fluorescence spectra, and each doublet therein repre-
110.0 150 120.0 1250 130.0 135.0 1400 sents the nearly degenerate quasi-energy levels [(Ap g, Aa, k 5)
FREQUENCY, w k=0,£1,22,...] with the splitting equal to 12,3p;01-

each component infinitesimal narrow in width. It can be shown [10] that our new generalized results, eq. (15),
reduce exactly to the familiar Mollow spectrum [11] in the weak field (one-mode) RWA limit.

As an illustration of new features predicted by eq. (15), we consider an ensemble of two-level atoms driven by
a strong linearly polarized monochromatic field of frequency wy . The two levels are separated by wy, = Ep, —
= 100.0 (arbitrary units) and the spontaneous decay rate from the upper level b to the ground level ais vy, = 1 0
The Rabi frequency characterizing the interaction strength of the atom with the field is V,,, =3z 1 lalp- elb)| = 25.0.
Figs. 2a and 2b show the induced multiphoton resonance fluorescence power spectrum [Imc(w)] near w = wy_
and 3w , with the laser field tuned at the (ac Stark-shifted) three-photon resonance frequency w; =41.295.
Owing to the strong mixings of the set of unperturbed nearly degenerate three-photon resonant tetradic-Floquet
states, namely, {|aa,0), |bb,0), lab,3), |ba, —3)}, the fluorescence light is most intense at w = 3cs;_ (fig. 2b),
though the fundamental light (w = w; ) is comparable in intensity (fig. 2a). Higher-order fluorescence lights, w =
5¢ay , 7wy , etc., diminish in intensity rapidly (not shown). All fluorescence spectra shown here exhibit asymme-
tric three-peak structure rather than the symmetric triplet pattern in the one-photon resonant case [11] (wg, =
wj ). The asymmetric pattem about the central component of the three peaks at w = wj and 3w, can be atixi-
buted to the significant field mixings of the three-photon resonant tetradic-Floquet states shown above with other
non-resonant bases such as [ab;1) and [ba;—1). As a general rule, when the laser field is intense enough to induce
multiphoton resonances (say wy, = (2n + 1) ), the dominant fluorescence component always occurs at w =
(2n +1)w; . Components in the lower-frequency side of the predominant one can have comparable intensities and
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often exhibit large asymmetry in the three-peak structures, while cornponents in the h]gher-frequency side usua]ly
decrease rapidly in intensity as the harmonic order increases.

In summary, we have shown that the many-mode Floquet theory [5] can be extended to. treat the time- dep..n—
dent Liouville equatlon and that the resultmg genera]lzatlon provides a powerful time- mdependent non-perturba-

........... Tom #nnd—aacd Eda—an PR, PN, Ry iy par iy (. PIyEpUphy-SIpupp, PR

tive Luuuuquc for the treatment of miense field IMluapnoIon processes (Unaergoing Icmiau.iGﬁS) in pﬁl_'y'CnTOJ_ﬁduu
fields, much beyond the conventional RWA limit. Extension of the method to the study of Raman scattering, col-
lisional redistribution of radiation, and renormalized non-linear susceptibility, etc., is in progress.
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